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Spectral Properties of Kirkwood—Salsburg and
Kirkwood—Ruelle Operators
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A method for solving Kirkwood-type equations in Banach spaces EfA) and
Ef(A) is applied to derive spectral properties of Kirkwood-Salsburg and
Kirkwood—-Ruelle operators in these spaces. For stable interactions these opera-
tors are shown to have, besides the point spectrum, a residual one. We establish
also that the residual spectrum may disappear if a superstable (singular) interac-
tion between particles is switched on. In this case the bounded Kirkwood-
Salsburg operator is proved to have a zero Fredholm radius.

KEY WORDS: Kirkwood-Salsburg and Kirkwood-Ruelle operators; spec-
trum; Fredholm radius.

1. INTRODUCTION

In a previous paper'” we have derived the Kirkwood-Salsburg (KS),
Kirkwood—Ruelle (KR), and Mayer—Montroll equations for classical con-
tinuous systems in a finite volume for nonempty boundary conditions.
Then, by using an analytic continuation in activity of the corresponding
resolvents the uniqueness theorem for the solution is proved outside the
well known analyticity circle in the activity plane, see Ref. 2, Section 4.2,

We now extend this program to study the spectral properties of the KS
and KR operators for tempered boundary conditions in Banach spaces
E/A) and E(A). The main part of this paper will, in fact, consist in
obtaining the structure of the spectrum and showing how it depends on the
particle interaction and the choice of the operator domain. We prove that
in a general case of stable interactions the KS and KR operators defined in
a bounded region (finite volume) may have, besides the point spectrum, a
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residual one and generalized eigenvalues. The point spectrum and generai-
ized eigenvalues coincide with the inverses of the zeros (in activity) of the
grand canonical partition function for a fixed tempered configuration
(boundary condition) outside the region. We also show that the residual
spectrum may disappear when one goes to superstable interactions, e.g.,
singular pair potentials with a hard core or nonnegative potentials.

In this paper we will restrict ourselves mainly to the case of bounded
regions. But in the instructive particular case of the ideal gas the spectrum
of the KS operator is described also in the infinite-volume limit (ther-
modynamic limit).

We stick to the notation of Refs. 1 and 2 but for the reader’s
convenience recall very briefly some of the main definitions and results in
Section 2. The main results and proofs are brought together in Section 3.
Section 4 is devoted to discussion.

2. PRELIMINARIES

Let A C R” be an open bounded simply connected region (container in
a v-dimensional space R”) with a finite volume |A| = mesA. Let & = (X}
refer to configurations of identical classical particles in R” interacting by a
(stable or superstable) pair potential ®:R”—>R' U {+ o0}, which is a mea-
surable function with ®(x) = ®{— x); see Ref. 2. Let the restriction QA
=, be the set of configurations in A. Then the subset Q% C 5, A
=R\A, is said to be the set of tempered configurations'” if for any
X5 € Qf there exists a finite G(X3) > 0 such that

W(XpX5)= > O(x—y)> —G(Xz)card X, (2.1)

xS X

yexs
for arbitrary X, € Q,. By definition W(¢,X5) = W(X,,9)=0; X, = X,
=(xy,...,x, if card X, =n and X,_,=@. The grand canonical parti-

tion function then is of the form
Z(B.z, A Xg) =§0 % fA dX,exp[ — BU(X,) — BW(X,. X5)] (22)
The conditional correlation functions are defined as
oAz X, | X5) = ro(5, X, | Xp)[E(B 2. A1 X5) ]

o m
"A(Za Xm , XK) = XA(Xm) E—:() Zn

(23)

+n
!

fondY,, exp[ - BU(X,, U Y,) = BW(X,, U Y, X5)]
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Here x,(X,,) is the characteristic function of the set AT C R™, z is activity,
B~ is temperature, and X,, U Y, = (X[, ..., X, V1, - - - » ¥,)- The conver-
gence in (2.2) and (2.3) is ensured by the temperedness of the boundary
condition: X5 € Q% and by the interaction stability®:

UX)= > @x—x)>-nB B>0 (2.4)

I<i<j<n

Using (2.1)-(2.4) one gets in the physical region of activity z > 0 that
pA(2, X, | X3) < XA(X,,,)Z”‘e’"MG("’KHB]

X NP (BIOXD+ BN 5 B, 2, A| X ]” (2.5)

Therefore, a powerful approach to study the correlation functions and
solutions of correlation equations results from the observation®™® that
(0A(2, X, | X5)} ms1 = pa(2] X5) may be viewed as a vector of a vector
space. This space consists of the sequences of complex-valued measurable

functions { @, (X,)} ns1 = @t

Ee= {9 sp € (X}l o) = 19l < o0 (26)
mz>
and it is a Banach space with respect to | - || -norm. Then, the vector

p,(z] X3) will belong to the subspace E{ C E, of the symmetric function
sequences " for £ > zexp[— BG(X7) — BB]; see (2.5).
Now, let us define formally, on E,, the linear operator K; see Ref. 2:

(K)o = 3 o [ A Kalxr YY)

ool
(K(p)(Xm)= ehBW(XbXM\XI){(pm«l(Xm\xl)+ 2 ;11_', dYn
n=1 R @7

><I{‘P(xl’ Yn)q)n+mfl[yn U (Xm\xl)]}7 m > 2

Ko(ey, 1,y = T1 [e#%0n 1]
yeY,

Then the KS operator for the container A C R” with a tempered boundary
condition is\)
K, = e PWixD % K
(Xa®) (X ) = Xa (X )P (Xim ) (2.8)
[ (XD)%a0 | (Xm) = W (X1 XXX ) Brs(X)
and the corresponding K§ equation is

@ =ze BTN o+ 2K, 0 (2.9)
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where a = {1,0,0, ...} and ¢y(@) = 1; see (2.3). Analogously, we define
the finite-volume KR operator:

K, = e P10 % TIK (2.10)

Here the “index-juggling” operator II: g, (X,)~> ¢, (x, U (X,,\x,)) satis-
fies the condition (see Refs. 2-4)

W(x,, X, \x;) > —2B (2.11)

Therefore, in contrast to the operator K, : E;—> E, s, [see (2.8)], the KR
operator (2.10) is bounded:

“HKAHEg <§ 1p£C( B)p BLG(XD +2B] (2.12)
if the pair potential is regular in the sense of Ref. 2:
C(B) =fwdx]e_ﬁ®(")— 1] < o0 (2.13)
Let ¢ € E; then acting by the operator 1 on both sides of Eq. (2.9) one
gets the KR equation:
P = ze"BW"(XK))'{Aa + zIIK (2.14)

The estimate (2.12) shows that if the domain D(IIK,) of the KR
operator is taken as E,, E{A)=X\E,, or Ef(A)= XAE;, the resolvent
R(IIK,) = (M — 1K)~ is || - || -analytic for

ANE C_(§) = (AEC |\ > § IS Meflotm 28] (2.15)

Thus, C_(¢) C P(I1K,), where P(IIK,) is the resolvent set of the KR
operator.

If X5 € Q% and the particle interaction is stable, the grand partition
function (2.2) can be continued in the activity to an entire function of order
at most one. Let N'(E) = {z; €C: Z(B,z,,A| X3) = 0}; then for z & N'(Z)
one obtains an estimate similar to (2.5). Hence, in the region

C,(%)= {zEC:|z|<£e*B[G(XK)+B]} (2.16)

pA(z| X5) is a vector-valued || - || -meromorphic function [see (2.3)] with
poles coinciding with the set N, (§) = N (E) N C’ (§). It is clear that for
the activity in the region

C.@)={zeC:z7'eC ()} Ci()) (2.17)

the solution of the KR equation (2.14) in the space EZ(A) is unique and
| - lle-analytic in z. Consequently, for the restriction ITK [ EZ(A) one gets

9(z| X5) = R, (TIK)e P00 3 a (2.18)

and the following proposition.
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Proposition 2.1. (see Ref. 1, 13). Let Xx € Q% and the pair interac-
tion potential be stable and regular. Then the KS and KR equations have
in the space Ef(A) the same unique solution (2.18) which is || - ||,-analytic in
the region C. (&), |- |-meromorphic in C (§), and coincides with
palz| XD C' ().

Remark 2.1. The set N'(Z) does not depend on the choice of the
parameter ¢ > 0. Therefore, the maximal analyticity circle for the solution

p(z| X5) is
Cy= {zEC:Iz|<a=mirlllzi|,ziEN’(E)} (2.19)
i>

Then for £ > 0 large enough the set N’ (§) # {@}; see Fig. 1. The points
represent there the set N'(Z) and the region C\C", (§) is hatched.

Fig. I. Analytic properties of correlation vector-valued function p,(z | x3) (see 2.18 and 3.7).
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3. RESULTS

Ideal Gas

In this case the KS operator (2.8) has the following simple form [see
QN
Ky@ = {0, xA(X2)@1(X\x1)s - - oo XA (K )P t (XN X 1) - - | ERY
Then one has

IKaplle=£€ ol @ € EE E{A)) (3.2)

Therefore, for both the domains D(K,)= E; and D(K,)= E(A) the
spectrum o(K,) C C(£), where

C)={AeC: <™ (3.3)

Theorem 3.1. Let ®(x) =0; then the spectrum o(K,) of the KS
operator with D(K,) = E/A) is residual and

o0(Kp) = 0e(Kp) = C(§) (3.4)

Remark 3.1. The KS operator for the ideal gas (3.1) is very similar
to the right-shift operator in /. Thus, one can prove (3.4) by a proper
modification of the arguments used for /_ in Ref. 5, Section VI.3. We
propose below a line of reasoning that is more appropriate for our aim
because it works also for nonideal systems; see Theorem 3.3.

Proof of Theorem 3.1. The spectrum of a linear operator, e.g., K,
is known to be the union of three disjoint components: o(K,) = 0,(K,) U
Gcont(KA) U ores(KA)' MOI‘COVCI‘, one gets ocom(KA) = L(KA)\[F(KA) U
a,(Ky)] and o, (K,) = (K )\o,(K}), where L(K,) and I'(K,) are, respec-
tively, the limit and the compression spectra of the operator K A2 As follows
from (3.1), the equation

K,p = Ap, p € EfN)
has only the trivial solution, ie., the point spectrum o,(K,) = {@}. Con-

sider now the interior of the circle C(£). From the KS equation (2.9) we find
that the unique solution is of the form

PA) = (A" Xa (X))} s = 022 =271 (35)

2 See, e.g., P. Halmos, 4 Hilbert Space Problem Book (D. Van Nostrand Company, Princeton,
New Jersey, 1967.) We use the name “limit spectrum” instead of the “approximate point
spectrum” used in the Halmos book.
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For [A] <¢7' one gets p,(A™") & EA). Hence the vector x,a € EfA)
does not belong to the range Ran(A/ — K,). Note that for a fixed A € C(§)
\dC (%) there exists a £ > £ such that p,(A\ ") € E,(A), see (3.5). Then, by
the open mapping theorem (Al — K A):GZLgl(pA()\"‘))—é%gf(XAa), where
UeA(+) is a neighborhood of the corresponding vector in E.(A). A little
reflection shows that the imbedding E{A) C E;(A) of Banach spaces for
& > ¢ implies (i) the subspace E,(A) is not dense in the space E;(A) in the
topology defined by the norm || - [|; (ii) if ¢ € EA), then Ugg) N E(A)
= () is a neighborhood of the vector ¢ in E(A). Therefore, in the space
E.(A) there is a neighborhood 9,.(o,(A ™) such that $.(p AATH) N ELN)
= {@}. Together with o,(K,) = {@} this means that the Ran(Al — K) does
not intersect the neighborhood §y(Xxa) = (A — K )S(0aA D)) N ELA).
Hence we get C(EN\IC(§) CT(K,). It remains to consider the boundary
aC(§). Using (3.2) one gets

I = K)ol > [N — €7 lolle

Then L(K,)=3C(£) because always the boundary d6(K,) C L(K,). On
the other hand, for arbitrary A € 3C(§) consider the vector p AATH
€ E4(A); see (3.5). The equation

pa(A "= (M = KW
has the unique solution

n AY
lljl:ij] = {}\—(”H")XA(Xm) 2 AHPA(A—l’Xn)} e Eﬁ(A)
n=0 mz1
Thus, the vector p, (A~ ") & Ran(A/ — K,) for [A| = £ 7' Suppose now that
the vector y € B, (AN ={o: ¢~ pA "Dl < €} for some € >0,
then we have

ReA, (X,) — ReA"0,(A ™", X, )| < £ 7" (X,) = pa(A ™ X,)| < e

and, consequently, ReA™s, (X,) > 1 — €. Therefore, one gets |y, [ p](X,,)]
> m(l — €}¢”*!. Hence, the ball B, (pp,(A~")) is also disjoint from the
Ran(Al — K), ie, 0C(§) CT(K,) and the continuous spectrum o, (K,)
= (@}. The collection of the above results and the definition of o,(K,)
complete the proof. Wl

Corollary 3.1 (Thermodynamic limit). The KS operator for the ideal
gas in the limit of the infinite container has the form K= K,_g and
Kl e, = | Kallg,ay > S€€ (2.7) and (3.1). The above line of reasoning gives
that the spectrum o(K) for D(K) = E, is also residual and

o(K)=o0.(K)= oreS(KA]‘Eg(A)) (3.6)

see Fig. 2.
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Fig. 2. Spectrum of KS operator for ideal gas in finite- and infinite-volume cases. Spectrum
is purely residual.

Remark 3.2. Results of Theorem 3.1 remain unchanged if one
considers the restriction K, M E(A). For the extension of K, to D(K,) = E;
(or = E}) one gets KerK, # {@ = 0} and, as a result, L(K,) N I(Ky) =
{A=0}.

Stable Interactions

Now the KS operator (2.8) is not bounded, in general, in any of the
spaces E,, E{A), E{(A); see Section 2. Therefore, it is relevant here to
consider also the KR operator (2.10). We shall start with spectral properties
of the KS operator.

Theorem 3.2. Let Xi € Q% and the pair potential ®(x) # 0 be stable
and regular. Then one gets

(i) for D(K,) = E, the specirum o,(K,) # (@}, if £ > aefl0*D+Fl
and {A=0} € L(K,)NT(K,);
(i) for D(K,) = Ej(A) the spectrum o,(K,) C {A; = 7'z, e N'(B)
= N(Z);
(iil) if there exists y >0 such that r,(z| Xg) & E{(A) for z € G(§)
= {z €C:|z| > v£} [see (2.16)], then for D(K,) = EJ(A) the set

6,(Ky) = N(2) N G,(9) (37)
corresponds to generalized eigenvalues; here G, (§) = {A = 7z
& G)(8)-

Proof. (i) The KS equation, as it originates,‘® is identically satisfied
by the vector r,(z|X3) if the free term has the form zZ(B,z,A|X%)
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e~ B X, see (2.3) and (2.9). Then the equation
Kup=Ap, ¢€EE (3.8)

should (see Ref. 1 and Proposition 2.1) have nontrivial solutions
{raz; | X)) is for A, = 27!, where z; € N'(E). Then the estimate (2.16)
and Remark 2.1 give the first part of the desired result. The second part is
the consequence of Ker K, = XzE,; compare with Remark 3.2.

(ii) In the subspace Ef(A) there are no other solutions of Eq. (3.8) but
(raA7 ' XD} > N EN(E); see Ref. 1. Thus, we get for the point
spectrum that 0,(K,) C N ().

(iii) For |Zl > v€ we have ry(z| X3) € E{(A). Hence the set (3.7)
consists of generalized eigenvalues in the sense that corresponding eigenvec-
tors {rp(z;| X5)} ;51 & D(Ky). W

Corollary 3.2. We recall that in (2.19) a > 0 and the set N(¥) has
the accumulation point at most at A = 0. Then the estimate (2.16) and (iii)
show that for ¢ >0 small enough we have op(KA)= (@}, ie., the KS
operator has only generalized eigenvalues.

Theorem 3.3. Let the assumptions of Theorem 3.2 be valid. Then
for the KR operator (2.10) with domain D(IIK,) = E;(A) one has
() 0, (K, C N(E);
(i) 6,(JIK,) = N(E) 0 G, (§) [see (3.7)];
(ili) 0,,(TTK,) D G, (G, (ITK,).

Proof. 1If one remarks that IIT E{ = I and Ker Il = {¢ = 0}, then the
proof of (i) and (ii) is an immediate consequence of the proof of (ii) and (iii)
in Theorem 3.2.

(i) Let C,(®)={A=2z"":z€ C,(§); then estimate (2.16) shows
that for any A € G,(Y\N(Z) there is £ > £ such that p (A ™| X5) € E¢(A).
Using Proposition 2 1 one deduces that for A € G,(§)\N(Z) the operator
(Al —IIK,) maps the vector p AT X & Eg(A) into the vector « A
= exp[— BW, (X)Rpe € EfA). Because the operator (Al —I1K,) is
bounded (2.12), then by the open mapping theorem (Al —IIK,):
Uedp A~ X5)) > U, (a,), where AUg(-) denotes a neighborhood in
E (A). Further, we can follow the arguments used in the proof of Theorem
3.1. Then, there is such a neighborhood 9..(p,(A~'|X5)) that
ng,(pA(}\‘1 [ X)) N E(A)= {0} for A€ G,(Y\N(E). Therefore, the set
Ran(A! — I1K,) does not intersect neighborhood

MW*WIHQMWQWXMOQM
Hence, 0, (I1K,) # {@} and contains the set G, (§)\6,(ILK ). ]
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Fig. 3. General structure of KS(KR) operator spectrum.

Remark 3.3. The structure of o(ILK,) is illustrated in Fig. 3. Here
Co={(A=z"":z€ C§} [see (2.19)]; the hatched area C\C, (§) contains
the circle G, (§) and the set N(X) is marked by points. It should be stressed
that the arguments in the proof of Theorems 3.2 and 3.3 do not eliminate
the o, (K,) or o.,.(K,) and o (IIK,) or o.,(IIK,) in the circle
C\C, ©).

Remark 3.4. The condition (iii) in Theorem 3.2 is clearly valid for
the ideal gas; see (3.5). A more difficult problem is to single out a class of
nontrivial pair potentials satisfying the condition (iii); see Ref. 1.

Theorem 3.4. Let a pair interaction potential be such that ®(x) > 0
and lim,_o |®(x)|| L= er : |xj<e = 0- Then condition (iii) in Theorem 3.2 is
valid: one has y = 1 and 80G(§) = 9C , ().

Proof. The vector r,(z | X5) [see (2.3)] is connected with the vector

fa(z| Xz) = {XA(Xm )Zmevﬁu(x’")‘ﬁw(x’"’xx)} 39

m>1
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by the linear transformation ¥, : EJ(A)—> EZ(A) (see Refs. 1,6, and 7)
ra(z| X5) = P4 fa(z| X7)
Fr=eh (@AKo = [ B oK, V) (310)

WP Al gay = H@X]HEg(A) = eflM

By the properties of the pair potential, f,(z|Xz) € EJ(A) for |z] < § and
fa(z| X5) & EXA) for |z| > & see (3.9). Therefore from (3. 10) and the
closed graph theorem one gets the same for the vector r,(z|Xx)
=Py falz] Xz). W

Superstable Interactions
For the superstable interaction one has®

U(x,) > (B— tX?A) A>0, B>0, X,EA" (311
In general, the condition (3.11) does not imply the boundedness of the KS
operator but it gives r,(z| Xx) € E{(A) for arbitrary z € C; see (2.5). Thus,
the condition (iii) in Theorem 3.2 is now false. Nevertheless, we cannot
assert that with increasing the repulsive part of the interaction [compare
(2.4) and (3.11)] the residual spectrum for KR or K8 operators disappears.

We can prove this property only for two classes of superstable interac-
tions when one of the following additional conditions on the pair-potential
repulsive part is imposed: (a) either the potential has a hard core singular-
ity: ®(x)= +oco for |x]<c; (b) or ®(x) >0 and ®(x)>0 for some
neighborhood of the origin (compare Theorem 3.4). Each of these condi-
tions implies the superstability and, together with regularity (2.13), provides
the boundedness of the KS operator (2.8) in the space E;.

Theorem 3.5. Let Xx € Q% and the pair potential ®(x) be regular
and satisfy one of the conditions (a) or (b). Then the KS operator (2.8) with
D(K,) = EX(A) has only the point spectrum:

o(Ky) = 0,(Ky) = N(Z) (3.12)

Proof Using the transformation %, (3.10) one can bring the opera-
tor K, EXA) to a canonical form (see Refs. 1 and 6):

(@XIKA@A 9’)(’51) = —exp[ _BW(XI’XK)]XA(XI) é ‘an fmdyn%(yn)

(P5K\P A @)( X, ) = exp — BW(x), X5) — BW(x,,X,\x))]
X XA )P = 1( XN X1)s m>2 (3.13)
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As @, preserves the symmetry and the similarity transformation PK\P A
=K s does not change the spectrum, we reduce the problem to the
determination of o(K ) for D(K ) = E;(A). Let

o = _Z] %fAIdYZ(IEK@)( Y,), n>0
Then straightforward calculations show that the operator K + has the form
Ki=F +H, (3.14)
Fup = {xa(x1)exp[ ~ BW (x, X5) [V,
Xa(Xp)exp[ — BU(X,) — BW (X, X5) o2, ...,
Xa(X,)exp[ —BU(X,) — BW(X,, X5)]9®,0,...,0,... )
H,9={0,...,0,xx(X,s)exp] = BU(X, ) + BU(X, . \X,)
*ﬁW(XnH’XA)]‘Pl( a1V ), -
Xa(Xoai )exp[ = BU(X, 1 x) + BU(X, 11\ X,)
= BW (X 10 X5) |0 (Xs N ) - - )
(3.15)

If the pair potential satisfies (a), then for the container A there exists a
number # A(c) such that U(X,) = + oo for n > n,(c). Hence, for n > ny(c)
one has H =0 [see (3. 15)), and Kr is equal to the finite rank operator E
[see (3.14)]. Therefore, o(KA) =g (KA) and then o(K,) = a,(K,). Usmg
(3.13) one can verify, (see Refs. 1 and 4), that for the operator K\ EAN)
the set of eigenvalues coincides with N(Z); here superstability implies that
the eigenvectors {r,(\"'| XD}, € EXA) for \; € N(E).

Let now the pair potential satisfy (b). Then for any € > 0 there exists a
number xn(e) such that for n > n(e€) one has [see (3.11) and (3.15)]

(WH N pyny) /"< &7l P/ < e (3.16)
Consider the operator (A\"] — K 1) represented in the form
AT — Ki = [T~ E(I- A‘"ﬁ,,)"](] —A""H,) (3.17)

From the estimate (3.16) it follows that for n > n(e€) the spectrum of the
operator K3 MEJ(A) in the region S, ={A&C: [A| > €} consists only of n
eigenvalues. Let w = exp(2wi/n); then

AL~ Ki= (M= K )M~ Ky - (0" N =K,y (3.18)
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The invertibility of (A"I — K ") implies the same for the operator (A — K,
hence one gets

[6(Ky)]"N S, Co(KR) N Sc=0,(KR) N S, (3.19)

Therefore, the spectrum of the operator K KalEZ(A) in the region S, consists
of a finite number of isolated points: a(K ADNS.Co (K )- Since the value
of € > 0 may be arbitrarily small [see (3.16)], one gets a(K)=o¢ (K ) and
consequently o(K,) = 0,(Ky). The proof of the second part of equality
(3.12) is the same as in the case (a). W

Remark 3.5. From the proof one deduces that the spectral properties
of the KS operator K, M E{(A) are a consequence of its topological proper-
ties. Namely, in the case (a) the KS operator is potentlally compact in the
sense that K} is compact for n > ny(c): Kj A= =9, F @+ '; in the case (b) the
KS operaior is quasipotentially compact in the sense that for any € >0
there exists a number n(e) and a compact operator F,, =P, F, % P!
such that [K{9 ~ F,, [l < €™ [see (3.16) and Ref. 8, Section X.5].

These propemes can be expressed more precisely by the Fredholm-
operator theory. We recall the reader (see, e.g., Ref. 9) that the operator
K (A\) =M — K, is Fredholm at the point A €C [we denote K (})
€ F(EI(A)] if it can be represented in the form

K\A) = U, + T, (3.20)
Here U, : E{(A)~> E{(A) is invertible and T, is compact. Then the number
p(Ky) = inf (N Ky(\) € S(EHA)))

is called the Fredholm radius of the operator K, with D(K,) = E{(A). Itis
clear that p(K,) < r(K,), where r(K,) is the spectral radius of K. More-
over, we show the following theorem.

Theorem 3.6. Let the assumptions of Theorem 3.5 be valid; then
p(K,) =0.

Proof. The operator K,MEZ(A) is proved to have a(K,) = 0,(K,)
with the accumulation point at most at A = 0; see Theorem 3.5. Then for
any A € C there is a number n large enough such that we 31multane0usly
have (|| H, |IE(A))‘/" < [\Jexp(—2¢|A]/n) [see (3.16)] and {A, = @AY}
Z 6(K,), where © = exp(2mi/n). Therefore, from (3.14) and (3.18) it fol-
lows that K,(A) is a Fredholm operator [see (3.10) and (3.20)]:

K.\ =@A"—H)V, ' - FV, ™ (321
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here
V,= (oA — K) (@A = K,) -+ - (@"7'N = Kj)
Fn=6‘PAﬁn6‘P/;l’ "Hn'__‘@AI_‘?né‘PXI

If one takes into account that the representation (3.21) is obtained for
arbitrary A # 0, then p(K,)=0. B

Remark 3.6. In the Fredholm region of the operator K, here for
A € C\{0}, the resolvent R,(K,) is known to be a finite-meromorphic
function, see Refs. 8,9.

4. DISCUSSION

The spectral properties of the KS operator in a container with empty
boundary conditions (continuous or lattice systems) were considered for the
first time by Pastur [6] under a restriction condition on the operator
domain. It was supposed that D(K,) = 9D, where D, C | J;~oE{(A) is an
invariant subspace of the operator K,. Then the spectrum o(K,[9,) was
shown to be pointlike. It coincides with the set N(Z) and the KS equation
has some properties similar to those of the Fredholm equations. Reformula-
tion of Ref. 6 to the case of external fields is the subject of Ref. 10. In Ref.
11 there is an interesting attempt to determine the structure of the KS
operator spectrum in infinite volume.

Note here that nonempty boundary conditions are equivalent to exter-
nal fields [see Ref. 1 and (2.8), (2.9)] and have no influence on the spectral
properties, defining only the position of the spectrum points on the plane C.

Finally, the spectral properties of some “modified” KS operator in a
container with empty boundary conditions for finite range hard core pair
potentials were considered in Ref. 12. Some power of such a KS operator
was shown to be a compact operator. Hence, the “modified” KS operator
has a point spectrum (its explicit form has not been determined).

In the present paper the “ordinary” KS operator is shown to have the
same property; see Theorem 3.5. Moreover, for superstable interactions,
satisfying Theorem 3.5, the point spectrum and its structure are a conse-
quence of the following general property: the KS equation is of the
Fredholm type and the KS operator has a Fredholm radius equal to zero.
These results are generalizations of those of Refs. 10 and 12 and partially of
Ref. 6. We have found also that the decrease of the repulsive part of a pair
potential (stable potentials) leads to the appearance of a residual spectrum
for the KR operator (Theorem 3.3) and KS operator (Theorem 3.1), while
for the KS operator for a stable nonzero potential we know only that
a,(Ky) U 5P(KA) = N(E), D(K,) = E{A); see Theorem 3.2.
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1t should be noted here that, similarly to Theorems 3.5 and 3.6,
spectral properties of the KS operator in the space 9, are probably defined
by its topological peculiarities if one endows 9, with a natural topology;
see Remark 3.2 in Ref. 13. We shall return to this problem in a subsequent
paper.
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